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Abstract. We give a complete description of the states of the C.C.R. algebra for a finite
number of degrees of freedom which are invariant with respect to subgroups of the transla-
tion group of phase space. We make precise some well-known results of quantum mechanics
such as Bloch theorem.

§ I. Introduction

In this paper we shall deal with the algebra 4(G, ¢) of canonical
commutation relations (C.C.R.) introduced in [2] (see also [3]) where G
is an abelian group and ¢ a bicharacter [Definition (2.1)]; for G = R*¥

and &((x, p), (x p))_exp(_, Z X7 xpl), (x, p)e R2Y, 4@V, 3)

is the uniform closure of the *- algebra of the finite linear combinations
of Weyl operators 4, ,. The interest of this algebra is that it has a large
number of states; namely, any normalized linear positive function on
the linear combinations of Weyl operators extends to a (unique) state of
4(G, ).

Translations by g in the phase space G are represented by a *-
automorphism 7, of 4(G, {) which is inner:

g0 =040,0,' =%(9.9)6,, 9.9'€G.

Let H be a subgroup of G and let H' be the set of elements g of G
such that &(g,h)* =1 for any he H. Then the invariant states « of
A(G, &) with respect to the 7, (h € H) are those states for which w(é,) =0
if g ¢ H' [Proposition (2.13)]; conversely, let @ be a state of A(H.¢
where &' is the restriction of ¢ to H' x H'; then there exists an invariant
extension @ of w to 4(G, ¢) which is gjven by @(d,)=0ifg¢ H' [Proposi-
tion (2.14)]. Moreover if 4(H',{) is abelian ar and if @ 1s pure, @ is the
umque (hence pure) extension of @ to A(G, 9) if and only if A(H', &)
1s maximal abelian [ Proposition (2.18)].
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In Section 3, we specialize A(R*, é) and show that we only need
consider closed subgroups of phase space as invariance subgroups
[Lemma (2.11)]. Hence except for the trivial cases which are easy to
handle, and up to isomorphisms there are three possible cases for ¢
abelian subgroups (i.e. for which HC H');

i) The subgroup of IR? is IR x {0} invariant pure states @ of 4(RZ, ¢)
for which x—=w(d, ,) is continuous are of the form

W0, )=0 if p+0
@y, (0, ) = €xplipox) Ppo€R.

These states are vector states of a representation of 4(R?% &) in a non
separable Hilbert space [Theorem (3.6)]. These are the analogues of
plane waves of the usual formalism.

ii) The subgroup of R? is Za x {0} where Z is the group of integers,
a€R. Invariant pure states of 4(R*, {) for which x—w(J, ,) is continuous
are of the form

®(d,,)=0 if p=* £
inmx 2iznx
u)(éxﬂ)=e"“"e R fime “ f(n+m)
' a nel

2

qe 0..7"[ feb@

[Bloch theorem (3.13)]. These states are vector states of the previous
representation.

iii) The subgroup of R? isZaxZ %’5. a€R. Invariant pure states

of A(IR?, &) are of the form

Wy, (0, ,)=0 if (x.p)#(ni.,

2nm)

: : co D o R
wm(omz,m):exp itmn+ifni+iy 3

A

nmeZ, pel[0,2n[, 7e[0,Ai[.

They are vector states of a unique representation within a non-separable
Hilbert space; this representation is disjoint from the previous one
[Proposition (3.23)].

Finally we study the action of the group of linear non singular
transformations of phase space on the above states and give the conditions
of implementation of these transformations [ Proposition (3.27)].
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§ II. Definitions and Elementary Results

Most of the results of this section are slight generalizations of the
corresponding results of Ref. [3]; hence they are in general given without
proofs (see also [4]). _

The bicharacters we shall define now are of central importance in
what follows:

Definition (2.1). Let G be an abelian group: a bicharacter ¢ is a
function ¢: G x G— T (the group of complex numbers of modulus one)
such that:

$(9.9)=2%(g.9) V9.9€G 2.2)
(9.9, +9:)=¢C(9.9,)¢(9.92) VY9.9:.9:€G. (2.3)

A similar procedure to that in [3] can be used to construct a =-algebra
A(G, &) for ¢ a bicharacter.
Definition (2.4). 4(G, ) where G is an abelian group and ¢ is a bi-
character is the set of finite linear combinations®:
N

a= Z/-‘fégu /‘_ieﬂ:,yiEG

i=1
endowed with the following product and *-operation:
0,0, =C(g.h) dy4y (2.5)

9 =<(9.9)0-,. (2.6)

As shown in [3] there exists on 4(G,¢) a completely regular norm
(i.c. one satisfying |a*a| = |a]?)

la| = sug) Jw(a*a) aed(G.E) 2.7
wWeE ¢

where &g is the set of positive normalized forms on A4(G, &).

Moreover it is the unique completely regular norm on 4(G, &) when
¢ is non-degenerate (see below for definition).

We denote by 4(G, £) the completion of 4(G, &) with respect to this
norm.

Any positive linear form (resp. *-representation) of 4(G, ¢) extends
to a positive linear form (resp. -representation) of A4(G,¢&) ([3]. 3.4).

Let us mention the following lemma:

Lemma (2.8). Let G be an abelian group, H a subgroup, & a bicharacter
on G, denote also by ¢ the restriction of € to Hx H:; then

4(H,$) < 4(G,Q).
Moreover if Hg G, then A(H, &) € 4(G, &).

! Notice that the unitary elements , are linearly independent (see [2], 2.2.2).
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We shall need in the sequel of the notion of commutant of a subgroup
of G. So we define

Definition (2.9). Let H be a subgroup of G. We define H', the com-
mutant of H, as

H ={geG:i(g.h)’=1 YheH}.

H will be é-abelian if and only if HS H' and maximal -abelian if and
only if H=H'".

We shall say that £ is non-degenerate if and only if G' = {0}.

One can easily verify the following properties of the commutant
operation:

Lemma (2.10). Let G be an abelian group; & a bicharacter, H, H; and
H, subgroups of G. Then:
i. H' is a subgroup.
ii. HCH".
iii. H'=H".
iv. H,CH,=H,CH, .
The next lemma will be of some importance in the last section.

Lemma (2.11). Let G be an abelian topological group; let ¢ be a bi-
character such that the function g—Z(g, g') is continuous ¥ g eG.

Then if H is a subgroup of G, H = (H) where H denotes the closure
of H.

Finally we denoted by t the canonical injection of the group G into
the inner *-automorphisms of 4(G, &)

7,(8,) = &g, h)* 5, . (2.12)

An easy generalization of the previous results can be made for a general
group (non-abelian), but in view of the applications of the last section
and of the simplification of the notations we just mention it.

Now we shall give some easy results about extensions of states on
subalgebras. Proofs are standard or even simplified by the topology
(viz. the discrete topology chosen on G) so in general they are not given.

Lemma (2.13). Let G be an abelian group, ¢ a bicharacter, H a subgroup
of G, 1 the canonical injection of H into the =-automorphisms group of
A(G, &); then if w is a state of A(G, %),

wot,=w VheH=w(,)=0 Vg¢H'.

The next result ensures the existence of an invariant state.
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Theorem (2.14). Let G be an abelian group, ¢ a bicharacter, H a
subgroup of G let w be a positive linear form on A(H, £); then @ defined as
@(0,)=w(d,) VheH
@(6,)=0 VgéH

gives a positive linear form on A(G, ).
Using the remark before Lemma (2.8) one has the following corollary.
Corollary (2.15). Any state w of the subalgebra A(H,&) of A(G.&
can be extended to a state @ of A(G,¢) in the following way
o(a)=wla) if aed(H, )
@(d,)=0 if g¢H.
The next theorem gives an explicit realization of the representation
associated to the extension @.

Theorem (2.16). Let G be an abelian group, & a bicharacter and H
a subgroup of G. Let w be a state of A(H, &), (#,,, L, 7,,) the corresponding
Gelfand-Naimark-Segal (G.NS.) triplet. Let @ be the extension of w
to A(G, &) previously described. Let S be an application of G into G such
that

S(0)=0
Sg+h=Sg VgeG, VYheH
9-S(g)=T(@eH Vgel.
Let #7 be the Hilbert space |,(G/H)® #,,, [g] the function of |,(G/H)

which is one on the class of g and zero otherwise.
Then T defined as the linear transformation such that

E(ék) [S(g)®nw (51'(9)) Qa) = E(k1 g) [S(g § k)] ®ﬂw(‘5f[g+k}) Qw

where

E(k,9)=23(k,g)5(S(9). T(9) S(S(g + k), T(g + k)

extends to a *-representation of A(G,¢) in I*(G/H)® #, with cyclic
vector [0]®Q,,; and it is unitarily equivalent to the representation
constructed from @ by the usual G.N.S. procedure.

First notice that [S(g)]1®n,(d,) 2, =[S(¢)] @7, (07 2, Where
9 =S(g)+h geG heH.

Hence 7(d,) is defined over a dense set of vectors; moreover 7 is
well-defined since if

¢=[5@]® ( ¥ i n‘.,(a..)) Q,=0

i=1
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then

(o) @ =Z(k,5(g9) [S(g+k)] ®ﬂ-m(6T(Slg)+k]) (
=0

di nm{ék[}) Q.
f=1

the representation character of @ follows from an easy but tedious
calculation.

Corollary (2.17). 7 is reducible if n,, is reducible.

The restriction of @ to 4(H, ¢) is given as one can easily compute by

7(35) [S(9)] @7, (37p) Qo = E(h, S(9))* [S(9)] @7, (8,) 7, (75 Doy

forhe H.

The next results are connected with the uniqueness and irreducibility
of @.

Theorem (2.18). Let G be an abelian group and ¢ a bicharacter. Let
H be a subgroup of G such that HC H'; then if w is a pure state of A(H, &),
@ is the unique extension of w to A(G, &) if and only if H= H', and con-
sequently is pure.

Proof. Since A(H, ¢) is abelian, o is a character, hence
[w(d,) =1.

Moreover let@ be an extension of @ to 4(G, &) [see Corollary (2.15)]
then:
@(0,0,0%) = E(g. h)* (dy).

Let (2, 7, #) be the G.NS. triplet associated to @; then from the previous
relation N
T(0,) (0} Q=2C(g. ) (M) T(6F) Q.
hence _ B
@(d,) = (Q|7(5,) 2)

=w(h) (2|75, 7(5,) Q)

&(g. b (2I7(5,) Q) :

hence the result. Notice that from ([6], 2.10.2) there exists at least one
pure extension of a pure state.
From the previous construction we have the following result:

Corollary (2.19). The representation space corresponding to @ is
separable if and only if #,, is separable and G/H is at most countable.
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§ I1I. Applications: Invariant States of the C.C.R. of a Finite Number

of Degrees of Freedom with Respect to a {-Abelian Subgroup
of the Phase Space

In the following we shall be interested in G =R*" considered as
R x RY; a typical element of R*" will be written as

X = (x50 %n D Pr) XpheRs
Moreover we shall deal with the following bicharacter on R*"
£((x;, ). (i, PY)) = exp( - o(X.X))
(3.1)

; A / : N '
— cxp(_ %(X|JX))= exp(— % ‘21 x.-P}—XEPi]

where (X' | X) denotes the euclidean scalar product on R2Y and ¢ and J
have obvious definitions:

J(x;, p) = (pi, — x3) . (3.2)

This bicharacter is continuous with respect to the natural topology of
R* hence by (2.11) we only shall consider closed subgroups of R*".

For the sake of physical applications we have in mind, we shall
consider only &-abelian subgroups of R?¥; moreover we shall treat
only the case N = 1 the general case can be dealt with by the following
lemma which uncouples the different degrees of freedom.

Lemma (3.3). Let I' be a lattice in R*™ and I its reciprocal lattice,
viz. I is of the form
N
ael<a= ) ma, mel
i=1
N
delsad=Y no, nel
i=1
with
6la,a)=c(x,a)=0 VYij=1..N
ola;, a))=2nd;; Yij=1...N
(FwI" defines the most general -abelian discrete subgroup of R2Y).
Then there exists a linear non-singular transformation M such that

cMX.MY)=0(X,Y) X,YeR¥
(Ma)=(0,...1,...0, 0,,..0)
d ... ¢

i-th place Ntimes

(Ma)=(0,...0,0,... 27, ... 0\.
‘ Ntimes i-th place
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The existence of M is ensured by the isomorphism of symplectic
spaces of the same finite dimension. For the sake of practical applications
it is worth while to give an explicit form of M

M,=-(Ja); if i>N -

M= 5—Ua) if iSN.

Classification of closed subgroups of R? is well-known: the next table
give the ones for which the restriction of ¢ is + 1, except for the trivial
subgroup.

Subgroup  {-commutant Interpretation Property of H' Corresponding
of H invariant state
R x {0} H=H"=H Translations Max-abelian Plane waves
Zx {0} H=RxZ Discrete Contains IR x {0} Bloch waves
H =H translations which is max-abelian
Zx<Z H=H"=H Max-abelian Zak waves

We shall study these three cases separately.

1st Case: Plane Waves

Proposition (3.5). Let {t,; ae R} be the group of -automorphisms of
A(R?, &) such that .
1,0, ,=€ '“Fd,, VaeR.

Every pure state w of m such that
x—=w(d,,) iscontinuous
and invariant with respect to 1,(¥ a€R) is a state w,, defined by
W, (0, ) =0 if p*0
=¢P* if p=0.
The proof is obvious and we shall give in the next proposition the
structure of the representation.
Proposition (3.6). Let w, be a state defined as
(05 ,) =0 if p+0
=P if p=0.
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Let #,, n,,, and Q, be the canonical Hilbert space, representation and
cyclic vector constructed via the G.N.S. theorem. Then

L H,,= I*(R) is not separable.

i. 7, is irreducible.

iii. Vp'eR , is a vector state of m,.

iv. m, is disjoint from any Weyl state.

Proof. 1. Is obvious from Theorem (2.16); ii. is clear from (2.18); to
prove iii,, let us consider |g)€/,(IR) such that |g)(x)=0 if x+¢g and
|g)(x)=11f x=gq. Then let § and T be:

S(x, p)=(0, p)
T(x,p)=(x,0).
Consequently according to Theorem (2.16)

npo(ax.p) )q)@QPD =e” *}lp+2q)xeipox|q £ p)®gpo ) (37)
Hence
wp'(éx,p) = “Po 7= P')®on[npg{5x,pj ipO o P)@QPO) . (38)

Moreover w,, is disjoint from any Weyl state; indeed if it is not disjoint
it is unitarily equivalent to any Weyl pure state, since it is pure, but the
usual Schrodinger representation acts within a separable Hilbert space.

Proposition (3.9). Let w,, be as previously.

L t,(VaeR) is unitarily implemented within n, by n, (3, o) which is
strongly continuous in a; its spectrum is purely discrete and is the set
{exp(ip'a): p'e R}.

II. Let {x},.x be the group of =-automorphisms of A(R*, ) such that

1,6x'p=5“, i,m>0, telR;

P
Wpy f's %, invariant; a, z'.s unitarily irqplememed within n, by a strongly
continuous group of unitaries whose infinitesimal generator has a discrete
3
spectrum from — B
2m

Proof. 1. Is obvious. In order to prove II we have that
(R | Tpg (9x,.,p,) o (05, ) )

2

. p it p .
= exp (1{"1 +x2)(Po+ ?) — ””—I(POP‘*' T)) if pp=-p,=p

f

which shows that {U, reR} the group of unitary operators which

implements «, is continuous; moreover that its spectrum extends from
2

— 2 6 .

2m
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2nd Case: Bloch Waves

In this case we shall deal with discrete translations; the invariance
group I is generated by a x-automorphism 7, such that

Tl e g,

aYx,p

I'={(na0);nelZ}. (3.11)

A classical theorem [7], due to Bloch, states that if the hamiltonian of
one particle is invariant by discrete translations of the type na, neZ,
one can find eigen-solutions of the Schrodinger equation as

Hence

p(x) = 4" Uy (x) (3.12)

where g€

-’ .
0, %{ and Uy(x+a)= JZ/qlx). Let us state the same result in

our formalism.

Theorem (Bloch) (3.13). Any pure state o of A(R?, &), invariant with
respect to I and such that x —w(d, ,) is continuous at x = 0 is of the form

- ; 2nm
(@, ,)=0 if PF——; mel

inmx 2iznx
ofs )= e L e e
= nel
9 '
where g €0, % and fis in l,(Z) with || f |, = 1.

We shall prove the necessity of the previous formula through a
number of lemmas. The sufficiency will be much easier to prove.

Lemma (3.14). Let o be a pure state of A(R?, &) invariant with respect
to I'; wl, its restriction to A(I', &), is still a pure state.

I'= {(‘c 27r—m) mEZ}.
a

According to Lemma (2.13)
W, ,)=0 if (x,pér".
Moreover if w} is not pure it has a non-trivial decomposition
ot =ag, +(1-a) ¢,
and w = @} has a similar decomposition
w=ag, +(1—-a)g,

since the invariant extension of w! is given by Lemma (2.15).
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Lemma (3.15). Let w be a pure state of A(I' (I, 2). Then there exists

QE[O,L;{ such that Q(év.m)=e‘2"‘”w(5iy_m) for any ye[0,a[

is a pure state of the algebra A(T xZ,() with 9(5%'0)=1. Here
.
TxZ= {(} im—); ve [0, a[,mel} is the abelian group of the torus
a |

multiplied by integers (with its natural topology) and
(A(TxZ)x(TxZL)-T
defined by

At 2nm) ( ) an"))_ . ( 2in L ‘,))
s((.‘rv = /a\.‘r~ 5 =cxXp iy y=my
is continuous bicharacter of T x Z.

_Conversely, if ¢ is a (pure) state of the algebra A(T xZ,{) with

g(éi )——1 thenm[é 22m )-—e‘”g(é_;_ zum)isa(pure) state of A(I, ).

7 +0

This lemma is of central importance in the proof of Theorem (3.13).
Let us define g. Since w is pure, it is a character when restricted to the
center of A4(I", £) which is generated by the 6,, o, neZ.

0, 277!{ such that

@(d,,0)=exp(—igna) nel. (3.16)
According to [3]. Proposition (3.4) we have only to prove the {-positivity
ofg' given 4 eC ye[0,a[.meZ i=1...N
6=0 if y;=0

u A . - . S " m .
i ;ijzl (-y.i-a&,,# Yis %L) =1 lf yi>0

Hence there exists g €

5:_;‘:0 if }'j—}';+a(§i<a
=1 if y—y+ad;za

i,j=1

N o 2in
= JZ /.,.,.jexp(T(yim,-—yjm.-))

]

( —yi+yj+adi—ady;, %,L(MJ—MJ]

Ny, 2in
=) xu,-/.jexp( ;

ij=1

¥ i)_ZiQ(_yi+yj+a6i—a5ij))

-w(d :
(_ =2(yi=yj—adi+ady, %‘-tm,—m.))

using (3.16) the previous expression is reduced to
N i
Z Z_,-_ - 2ials =) exp (2 n (m;y;—m, }J))
i o
-w (5 3 }g 0

—2y.+2,\',,—;‘—(m,—m.)

by positivity of w.






